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ABSTRACT

THE APPLICATION OF A DETERMINISTIC
SPECTRAL DOMAIN METHOD TO THE
ANALYSIS OF PLANAR CIRCUIT
DISCONTINUITIES ON OPEN
SUBSTRATES

by

JAMES STUART MCLEAN, B.S., M.S.

SUPERVISING PROFESSOR: Tatsuo Itoh

A deterministic formulation of the method of moments carried out in the
spectral domain is extended to include the effects of two-dimensional. two-
component current flow in planar transmission line discontinuities on open
substrates. The method includes the effects of space-wave and surface-wave
radiation through the use of the exact spectral domain Green’s function. The
procedure and formulation of tlic method are described in detail. Also, tech-

niques used to increase the numerical efficiency are described in detail. The

i




method is used to determine accurate circuit models of three types of planar
circuit discontinuities on open substrates: microstrip open-end discontinuities,
slotline short-circuit discontinuities, and microstrip gap discontinuities. The
analysis is then applied to gap-coupled resonators. The coupling between cas-
caded gap discontinuities is shown to be significant when the substrate is elec-
trically thick since surface wave excitation is strong. Possibilities for further

applications of the method to more complicated discontinuities are discussed.
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Chapter 1

INTRODUCTION

1.1 Motivation

Planar circuits and antennas are attractive because of low cost, manu-
facturability, small size and light weight. Recently, integrated planar front-end
systems combining both antennas and circuits have been developed. Because
planar circuits are extremely difficult to modify and tune, very accurate mod-
els are required for the design process in order to avoid costly design itera-
tions. The modelling of unshielded open planar circuits is complicated by the
possibility of surface wave and space wave radiation. In the case of open pla-
nar transmission line structures, discontinuities can generate space-wave and
surface-wave radiation. This may be desirable, as in the case of planar anten-
nas. For example, in Figure 1.1 [1], a planar antenna array is shown which
makes use of microstrip open-end discontinuities as radiating elements. In the
case of most circuit applications, radiation is undesirable because it can cause
loss and extraneous coupling. Extraneous radiation and coupling may also ad-
versely affect the performance of antennas. In the antenna shown in Figure 1.1,
radiation ideally occurs from the open-end discontinuities. However, radiation
from other parts of the circuit can occur as can coupling between radiating ele-
ments through both space wave and surface wave propagation. It is, therefore,

necessary to include these effects in the design of the antenna.




Radiating Elements

Figure 1.1: 5-Element Microstrip Combline Travelling-Wave Antenna

A grounded dielectric substrate can support both transverse mag-
netic (TM) and transverse electric (TE) surface wave modes of propagation.
For electrically thin substrates (d < .01)), surface waves are not strongly ex-
cited [2]. However, in the case of electrically thick substrates such as GaAs
millimeter-wave integrated circuit (MMIC) substrates, the effects of surface
waves are more prominent. The cutoff frequencies of the even TM and the odd
TE surface wave modes of a grounded dielectric slab are given by [3]

for = nco
T 2dyer— 1
where d is the thickness of the substrate, eg is the relative dielectric constant
of the substrate, cg is free space wave velocity and n is the order of the surface

wave mode (n = 0,2,4,... for TM and n = 1,3,5,... for TE). In Table 1.1,

the cutoff frequencies for the 4 lowest order surface wave modes are given for




mode cutoff frequency
25 mil Alumina (eg = 9.9) | 25 mil GaAs (eg = 12.8)
T™, | DC DC
TE, |39.590 GHz 34.380 GHz
TM, | 79.180 GHz 68.770 GHz
TE; {118.77 GHz 103.15 GHz

Table 1.1: Cutoff Frequencies for Surface-wave Modes of Conductor-backed
Dielectric Slab

two widely used substrates. Because the T M, surface wave mode has no cutoff
frequency, there is always at least one surface mode which can propagate on
an open substrate. At millimeterwave frequencies, several surface wave modes
may propagate. For example, in the upper K, band (33 to 36 GHz), both
T M, and TE, may propagate on a conductor backed 25 mil GaAs substrate.
Surface wave excitation can result in losses and extraneous coupling in open
planar cicuits. The excess coupling may or may not be desirable depending
on the application. However, because these effects become prominent at high
frequencies, it is necessary to develop full-wave models so that they may be

accounted for in the design of planar circuits and antennas.

1.2 Previous Work

Discontinuities in planar transmission lines have been the subject
of numerous analytical investigations. Most of these analyses make use of
quasi-static approximations {4]-[12]. These approximations limit the analysis
to frequencies at which the dimensions of the circuit are small compared to a
wavelength, and the effects of radiation may be neglected. This dissertation

is concerned with the full-wave analysis of discontinuities in planar circuits on




open substrates. By full-wave analysis we mean that the method of analysis
makes use of an exact Green’s function® for a current source above a grounded
dielectric slab. Thus the analysis includes the effects of space-wave and surface-
wave radiation. It does not include the effects of conductor loss or conductor

thickness.

Some work has already been done in the area of fullwave analysis
of planar transmission line discontinuities. All of the work discussed below
has in common the use of the exact Green’s function for the grounded di-
electric slab. The work may be divided into two categories, eigenvalue and
deterministic approaches. The eigenvalue approach involves determining the
eigenfrequencies of a resonant structure and then extracting the parameters of
the discontinuity. For example, a long rectangular resonator may be analyzed
in order to determine the characteristics of an open-end discontininuity [14].
First, the resonant frequencies of the resonator are determined. Then, from the
resonant frequencies and the physical length of the resonator, the capacitance
and conductance of the open-circuit discontinuity can be determined. The de-
terministic approach involves making use of a source formulation to excite a
system. In the case of the open-end discontinuity, an incident wave may be
used as the source formulation, and the complex reflection coefficient of the
open-end may be solved for directly. Each method has specific advantages and

disadvantages as described below.

1Several different Green’s functions have been derived. See [13].




1.2.1 Eigenvalue Formulation

o The variational formulation reduces error introduced by inadequacies in

basis functions.

e The determinant search is numerically expensive. In the case of a ra-
diating structure, the eigenvalue becomes complex and the search two-

dimensional.

o Network parameters are not directly determined. Instead, they must be
inferred from resonant frequencies and Q values. This is inconvenient and

can be numerically unstable.

1.2.2 Deterministic Formulation

o Network parameters may be directly calculated. Deterministic formula-
tions allow for the direct calculation of scattering parameters or short-

circuit parameters

e A determinant search is not required. The deterministic formulation

requires only the filling and inverting of a single matrix.

e The formulation for the network parameters is not variational. Therefore,

the error introduced through inadequate basis functions is not reduced.

Jackson and Pozar [15] analyzed microstrip open-end and symmetric
gap discontinuities using a moment method in the spectral domain. They ne-
glected transverse current flow on the strip and mode conversion. They made

use of a travelling-wave source/load formulation. Katehi and Alexopolous [16]




also analyzed open-end and symmetric gap discontinuities using a moment
method in the space domain. Their analysis was performed using a voltage-
gap generator source formulation. They used approximations similar to those
used by [15]. Boukamp and Jansen [17] have analyzed open-end discontinu-
ities in a covered but laterally open environment using a moment method in
the spectral domain. Their analysis included the effects of transverse current
flow on the strip but not the effects of mode conversion. They made use of a
travelling-wave source formulation similar to [15]. Yang and Alexopolous [18]
analyzed open-end and gap discontinuities in an open microstrip with a dielec-
tric superstrate using a spectral domain moment method and a travelling-wave
source formulation. Drissi et al [19, 20] analyzed symmetric gap discontinuities
in open microstrip using a space domain moment method applied to the mixed
potential integral equation. Although it is not made clear in their paper, they
seem to have included the effects of two-component current flow and mode

conversion. They used a voltage-gap source formulation similar to [16].

Jackson [21] has analyzed open circuit discontinuities in coplanar
waveguide. Yang [22] has analyzed short-circuit slotline discontinuities using
a moment method in the spectral domain. He assumed a purely transverse

electric field in the slot.

1.3 Organization of This Report

The remainder of this report is organized as follows. In Chapter 2,
the theory underlying the method is presented. The details of the numerical

computation, including the selection of basis functions and techniques to speed




up the numerical integration, are given in Chapter 3. In Chapter 4, the method
is applied to the microstrip open-end discontinuity. In Chapter 5, the method
is applied to the short circuit slotline discontinuity. In Chapter 6, the method
is applied to the microstrip gap discontinuity and the gap-coupled resonator.
Finally, in Chapter 7, some conclusions are drawn and suggestions for improve-
ments to the method are made. Also, further applications of the method are
proposed. The Green's functions used in the analysis are derived using the

immitance approach [13] in Appendices 1 and 2.




Chapter 2

THEORY

In this chapter we present the theory underlying the deterministic
spectral domain analysis. Only the theory common to all of the analysis will be
presented here; the details of the analysis as it applies to specific discontinuities
will be presented in subsequent chapters. We begin by developing the integral

equation which will form the basis for all of the analysis in this study.

2.1 Integral Equation Formulation

In this section, we develop the integral equation appropriate for the
analysis of microstrip line and microstrip discontinuities. Referring to the coor-
dinate system in Figure 2.1, the electric field in the plane y = d due to currents
localized in the plane y = d can be expressed as the convolution of a source
current and a Green'’s function. The components of the Green’s function rep-
resent the x and z directed electric field due to a z-directed and an x-directed
infinitesimal horizontal current element (Hertzian dipole) over a grounded di-
electric slab of infinite extent. Since the Green’s function is actually a dyadic,

we write two equations, one for the z-directed electric field and one for the

x-directed field.




e =t
.
—————————————————————————————— y-d
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Figure 2.1: Coordinate System [or Dielectric Slab

Ez(x,d,z) = //Zzz(lf —~ Zgy2 — ZQ)JZ(.’DQ, Zo) d(to dZo

To 20

+ //Zn(:c — o,z — 20)Jz(T0, 20) dTo d2o (2.1)
Zo 20
Ei(z,d,z) = / / Zoa(T = 2o, 2 — 20)Ja(z0, 20) dzo dzo
To 20
+ / / Zeo(@ — 0, 2 — 20)Ju(c0, 20) dTodzo  (2.2)
o 20

In order to develop the integral equation, we enforce the boundary condition
requiring that the components of the tangential electric field, E, and E., be
zero on the conductor.

/ / Z,.(z = 2o, 2 — 20)Ja(o0, 20) dzo dzo

Zo 20
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+ //Zzz(x — 29,2 — 20)Jz(x0, 20) dzodzog =0 for 2,2 € S. (2.3)

zo 2o
// Zn(:c —Toy2 — Zo)Jz(l‘o, Zo) d(l?o dZo
Zo 2o

+ // Zzo(x — 20,2 — 20)Jz(T0, 20) dTodzo =0 for ,2 € S.  (2.4)
To 20

These equations constitute a set of coupled integral equations for the unknown
current on the conductor. These two equations together are equivalent to the
electric field integral equation (EFIE). They are Fredholm equations of the
first type [24]; that is, the unknown functions, J,(zo, z0) and Jz(zo, z0) appear
cnly in the integrands. At this point we can transform the coupled integral
equations into coupled algebraic equations in the spectral domain as in [26] by

making use of the convolution theorem [24].

Zes(0, B)Ts(0, B) + Zaz(a, B)Jo(a, B) = Ex(e, B) (2:5)
Zza(o, B) T, B) + Zzs(ar, )Jo(e, B) = E:(a, B) (26)
The following convention is used for the Fourier transform.

400 400

Fla,f) = / / F(z, z) exp(+7Bz) exp(+jaz)dedz 2.7)
_001-00 +oo+oo~
F(z,2) = (21r)2/ /F(a,ﬂ)exp(—jﬂz)exp(—jax)dadﬁ (2.8)

%0 -0
However, although this is the usual method, it does not make any difference at
which point in the analysis we transform to the spectral domain. Notice at this
point the coupled algebraic equations contain the unknown functions jz(a, 3,
jx(a,ﬂ), Ez(a,ﬁ), and E,(a,ﬂ). So it appears we have introduced two more

unknown functions by transforming into the spectral domain. However, it will
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be seen that the functions E,(a, ), and E (a,8) will be eliminated in the
solution process. Whether we choose to solve the coupled integral equations in
the space domain or the coupled algebraic equations in the spectral domain,
we must solve for unknown functions. To do this we make use of the method
of moments to solve the coupled integral equations (in the space domain) or
coupled algebraic equations (in the spectral domain). Since it is easier to
visualize the problem in the space domain, we will proceed from the coupled

integral equations.

2.2 The Application of the Method of Moments

As pointed out in the previous section, the coupled space-domain in-
tegral equations and the coupled spectral domain algebraic equations contain
unknown functions. Therefore, the first step in solving the equations is to ex-

pand the unknown current in an appropriate set of known expansion functions.

J(zo,20) = EamJ“”“ (zo, 20), and

JI(.’EQ,Zo) = Zb Jerpa .’Bo,Zo),

where a,, and b, are unknown constants. The required expansion functions
are dependant on the particular problem. They will be discussed in detail
in Chapter 3. In the deterministic formulation, in addition to the unknown
current we also have a known source current the z-directed and z-directed

components of which are given by

J;°%*(zo, 20) and

J2°UT¢ (g, z) respectively.
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Upon substitution into the EFIE we obtain

// Z:(z — 0,2 — 20) [E amJ Pz, 20) + J17* (20, zo)] dzgdzg

To 2o
+ //Z,,(z To,2 — 20) [Z bndon?®(zo, 20) + J2°*(z0, zo)] drodzo =0
To 20
r,z € S, and (2.9)

M
//Z"(:v — Zg,2 — 29) [Z amJ (o, 20) + J1°* (0, zo)] dzodzg

ro 20 1
+ //Z,_-;-(IE To,2 — ZQ) [z b Je:tpa J?o, Zo) + J;ource(xo, 20)] d.’L‘o dZo =0
To 20
z,z € S. (2.10)

So we have a set of two coupled integral equations with 2M unknown constants.
In order to generate a linear system of equations, we test the set of equations

using an appropriate set of testing functions.

Ji5M(z, 2) .. ISz, 2).
Jtest( ) Jteat( )
As with the expansion functions, the appropriate testing functions depend on

the particular problem. These will be discussed in detail in Chapter 3. The

testing functions are used to generate 2N equations as follows.




[[mea ] ]

To 20

[Zzz(l' — Xgy2 — Zo (Z amJ"”“ .’270, ZQ) + J;ource(zo’ Zo))

+ Z,(x — o,z — 20) (Z b JeP?(zg, 20) + J27V°(Z0, zo))]
drodzodrdz =0

//ﬁwwz//

z9 20

[Zu(z Zo,z — 29) (E amJZZP (0, 20) + J77 (0, zo)>

+ Zu-(.'l? — Toy2 — (Z b chpa Io, 20) + J;ource(zo’ Zo))]
dzgdzodrdz =0

[ [ ] |

To 20

[Z [z — 20,2 — 29) (Z amJ (20, 20) + J;7V (20, zo)>

4+ Z::(z = 20,2 — 20) (Z bndzmt (0, 20) + J377 (2o, zo))}
d.’l'o dZQ dzdz =0

J e

To 20

M
[Z,,(a: — Zo,2 — Z0) (}: amJ P (x0, 20) + J;7 (20, 20))
1

M
+ Zy(z—z0,2 — 20) (Z b Ji2P% (20, 20) + J77* (20, zo)>]
1
dzo dZo dzdz =0

13

(2.11)
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In the space domain, the right-hand side of the integral equation is
zero because the electric field is zero on the conductor. Huwever, the corre-
sponding spectral domain algebraic equation is not zero because the Fourier
transform covers the entire y = d plane. In the eigenvalue approach {26], Par-
seval’s theorem is used to show that the right-hand side of the tested equations
is zero. The same situation exists for the excitation case. Note here that the
right-hand side of the tested space-doraain equations is zero. If we had te.ted
the equations in the spectral domain, tue right-hand side would still be zero
by Parseval’s theorem. The source term is embedded in the left-hand side of
the equation. In some situations it will be desirable to use a different number
of testing functions than expansion functions to generate an overdetermined
system of equations. In the case of an excitation problem, in general, it is no*

possible to make use of Galerkin’s method!.

The tested equations result in a linear system

[ (K o2) [ K] ] [ la] ] _[ 18] ] ,

[I{rz] [I{:r:z] [b] B L [Sz]

where [a] and [b] are vectors of length M containing the unknown constants

ai...ap and by ...bys in the expansions for J; and J,, [K;]...[K.;] are M x N

matrices given in the space domain by

TActually, while it is not possible to apply Galerkin’s method to a deterministic problem
using a travelling wave source formulation, it is possible to do so . hen a localized sourcc is
used. For example a planar dipole driven by a current source at the center could be analyzed
using Galerkin's method because the current exists only over a finite area.




rzz
K

zZr

rz

T

+00 400 +00 +00

-////J:?t(x’z)zzz(x—

—00 =00 —00 =00
J5: 7% (x0, 20) dz dz dzo dzo,
+00 +00 +00 +00
[ [ ] ]9z
J2i7%(20, 20) dz dz dzo dzo,

+00 +00 +00 +00

[ [ ] [z -

—0Q =00 —00 —00

-J5iP%(20, 20) dz dz dzo dzo, and

+00 400 +00 +00

To,2 — Zg)
— Tg,<% — Zo)
To,2 — 20)

/ / / / JE(2,2) Zoe(T — 20,2 — 20)

—00 —00 =00 —00
'J:.;?pa(Io, Zo) dz dz dl‘o dZo

and [S,] and [S;] are vectors of length M given by

S?

1

+00 +00 400 +00

-/ / / /J,':"(z,z)z,,(z-

—00 =00 =00 —00

_J:ource(xo, Zo) dz dz d:lfo dZo

+00 +00 400 400

To,2 — 20)

/ / / / Jzt:-’t(x’ z)Zz,;(a: — To,2z — 20)

-0 =30 —00 =00
J2°UT (20, 20) dr dz dzo d2o, and

+00 400 400 +00

—////J;f"(x,z)Z"(a:—

=00 = =00 =00
J3°U¢ (20, 20) dx dz dz0 d20o

+00 400 +00 +00

T, 2 — 20)

/ / / _/J:tc?t(maz)zu(x—-a:o,z—zo)

-00 —Q00 =00 —0O

J 204 (20, 20) dx dz dzo d2o.
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(2.12)

(2.13)

(2.15)

(2.17)

However, since the Green’s function is only available in closed form in the

spectral domain, these integrals are six-dimensional and therefore extremely
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expensive to evaluate. Some work has been performed to reduce this complexity
[16]. In order to transform the integrals into the spectral domain, we express the
space domain Green’s function as the inverse Fourier transform of its spectral
domain counterpart. For example

+00 +00

Zzz(z —T0y< — 20) = / / Zzz(a7 ﬂ) exp(—],B(x - 20))
-exp(—ja(z — 2zp))dadf (2.18)

We then substitute this expression into the integral to obtain

+00 400 .
[ [ 2. 8) exp(=iB(z — 20)) exp(—ja(z - z0))dads
'J:;pa(.’to,ZO) dzr dz d(to dZo. (219)

Rearranging the order of integration, we obtain

ki = | / / / J154(2, 2) exp(—jBz) exp(—jaz)dz dz

—00 =0 k=00 =00

Z:2(a, B)

+00 +c0
/ P20, 20) exp(jBzo) exp(jazo)dzo dzo| dadB. (2.20)

-0 =00

+o0 +oo[+oo +00

We recognize that

+00 +o0

Je(a,B) = [ [ 75,2 expl(=iBa) exp(~jaz)dz dz, and (2:21)
-+oo-+00

JPa,B) = //J:fpa(xo,zo)exp(jﬂzo)exp(jazo)drodzo. (2.22)

-00 —00
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Therefore, in the spectral domain, [K,,]...[K.] are given by?
+00 +00

Ky = [ [ J8(@B) 2l )I5™ (@ B decdB, (2.2

Koy = [ [ J5(08) 2uclen )T, B dardB,  (2:24)
Jopes

Koy = [ [ J&(@8)Zesle, )57 (o, B) dacdB, and  (2.25)
pospen

Keeiy)y = / / j;f’t'(a,ﬂ)Zu(a,ﬂ)j;f’m(a,B)da dg. (2.26)
—00 —00
and [S.] and [S;] are vectors of length M given by
+00 400
s = / / Jtet(, 8)Z,.(a, B)J2¥*(a, B) dar dB

+00 400
+ / / Ji™(a, 8)Z..(a, B)J°**(a, B)dadB, and  (2.27)
—+oo_+oo

st = [ [ 5@ 8) Zesl e, B2 (@, B) dar df

-0 ~O0

400 +00
+ / / J™(a, B) Zae(a, B)J 2 (a, B) dax dB. (2.28)

-00 =00
The linear system is now solved for a; ...ap and b; ... bys using Gaus-

sian elimination if the system is square. If the system is overdetermined we

generate
e TR 1 1] = (Bt T )

2Notice thau in the formulation given here, the convention for the Fourier transform is the
opposite of that used in [15]. Therefore, the conjugation in the inner products is performed
on the testing functions as opposed to the expansion functions.
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where the superscript “T” denotes the transpose of a matrix. We can then
solve the resultant 2M x 2M linear system of equations. This is equivalent to

a least squares formulation.

2.3 The Green’s Function

The characteristics of the Green’s function are important because
much information may be derived from them. The spectral domain Green’s
functions used in the following analysis are derived using the immittance ap-

proach [26] in Appendices 1 and 2.

The spectral domain Green’s function for the grounded dielectric slab

is given by
Z,, = —N2?2Z°— N2Zh (2.29)
Zy = —N.,Ny(Z°-2Z"), (2.30)
Ze: = —N,N,(Z°— Z") and, (2.31)
Zew = —N2Z°— N2ZH (2.32)
where
N, = ——-ﬂ——, (2.33)
Va? + 32
a
r = TRy 2-34
T (2.34)
7= (2.35)
Y +Y;
1
7 = ——— 2.36
T (2.36)

}/1e = YTMI, (237)
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Y; = f/TMgcoth(’ygd), (2.38)

Y = Yrg, (2.39)

}72" = Yrgscoth(yd), (2.40)

Yo = 222, (2.41)
N

Vean = L280 (2.42)
72

Yrew = ;7—1—, (2.43)
jwp

Vg = -2, (2.44)
Jwp

" = /a2+52—k2 and, (2.45)

Yo = \/;2+ﬂ2—63k2. (2.46)

It can be seen that the components of the Green’s function have poles corre-
sponding to the poles of Z¢ and Z*. The poles of Z¢ correspond to the TM
surface waves, and the poles of Z* correspond to the TE surface waves. The

poles occur when

€1 + Y2 tanh(y2d) = 0, and (2.47)

7 + 12 coth(y2d) = 0. (2.48)

In order to facilitate the study of the surface wave poles, we perform a change

of variables defined by

p = ya?+ B2 and (2.49)
a

6 = tan~! (5) : (2.50)

We note that Z¢ and Z"* are functions of p only. In this polar coordinate
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Region Range " Y2
1 p<k imaginary | imaginary
2 k < p < \/€rk real imaginary
3 VeErk < p real real

Table 2.1: Regions of the Radial Wavenuniber, g

system, the integrals take the following form.

Koy = / / T (0,9)Z.2(p,0)J;E™ (p,0)p dp db (2.51)

Now we define three regions as in Table 2.3. All of the surface wave poles occur
in region 2. This is occurs because, in order for a surface wave mode to exist,
the field outside the slab must be evanescent in the y-direction while the field
inside must be a standing wave in the y-direction. The values of p at which the
surface wave poles occur are the values of the propagation constants for the
surface wave modes. In order to evaluate the integrals, we must circumvent
the poles. The contributions of the poles are included via the calculation of the
residues at the poles. We can show that the poles are of the first order. Using
the integration path given in Figure 2.2 and the Cauchy’s residue theorem, we

can show that when only the T My mode can propagate, K., ;) ... Kz ;) are

given by
pTM0o—6 27
Ky = [ [T45(0.0)20(0,0)J57(5,0) pdp d8
o o
2®

— inRes [ (J5"(5,0)Z:x(p, )57 (9.0)) lompra

0
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+00 27

+ / / Jtest(p p,0)J5(0,0) pdp d (2.52)

pTMo+6 O

The singularity occurs only in the Green’s function, so we write

pTM0—6 21

Ky = [ [T55(0,0)2.:(5,0)J57(5, ) der 8
0 0
27
= i [ (0,0 Zexrm (,8)T557* (5, 6) dev df
0
00 2
+ / / T (p,0) 2, (p, 0)J57(p, 6) da dB, (2.53)
prMo+s O
PTMo—6 27
Ky = [ [J5(0,6)2(0,0) I (p,0) dardp
0 0

r
— ir / JEt(0,0) Z.arma(p, 0) I (p, 6) da dB
0]

+ / / Jtest( p,8)J%(p, 6) da dB, (2.54)
pTMo+6 O
pTMo—6 27
Koy = / [ T (0,6) Z2n(p, 0) 557 (5, ) dex 45
0
- ir / T4 (0,0) Zestra (p, )7 (p, 0) dax dB

+ / / T (9,0) Zea(p, 0) 7 (p,0) da dB, and  (2.55)

pTMo+6 O
pTM0—6 21
Keiy) = / / T (0,0) Z.e(p, ) IS (p, 0) dox dB

0 0




2r

~ / T4 (0,0) Zearra (2 0) T (p, 0) da dB

+ / (0, 0) 2,2, 0) T (p, 6) dex dp

pTMo+6 C
where
~zzTM = —NzZZ%Ma
ZZ:L‘TM = —'NszZ’;‘M,
Zpatm = —~N,N.Z%y,,
ZzzTM = —N:-Z';M,
~e 1
v = T e
8p 8p
% - ()
= | —=]Y(p), and
ap 712 l(p)
oY
6; - (’Y_f-> (YC(P)+YTM2d72(coth ('yld)——l))
2

For TE modes the residue is given by

t

277h
22TE = _N_-,;ZTEa

(\\])

2zTE = +NZNIZ§"E3

?

zzTE — +NZNIZ;"E and,

[\\]}

— 2 5h
«=TE = —N,Z7g

where

22

(2.56)

(2.62)

(2.63)

(2.64)
(2.65)

(2.68)
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oYk P\ ¢

.('—)pl_ = (7—12) Y} (p)., and (2.69)

oY} y -

-55- = (%) (Yzh(p) + Yrgadyz(coth?(y2d) — 1)) . (2.70)
2

It should also be noted that the Green’s function has a branch point at p = k.
However, the Green’s function is bounded at the branch point and therefore,
no numerical difficulty is encountered except the correct choice of Riemann
sheets. This amounts to choosing 4; to be positive real for p > ko and positive
imaginary for p < ko. There is no branch point at p = |/érko. This is because
72 always appears with coth(y2d) in the Green’s function thus cancelling the
sign of 7. Therefore, the sign of v, need not be specified. The pole in the
Green’s function corresponding to a particular surface-wave mode occurs at
the branch point at the cutoff frequency of the mode and then migrates toward
€rko with increasing frequency. Therefore, the surface wave poles occur in the

order

ko < ...pTE3 < pTM2 < PTEL < pTMo < \/€rko (2.71)

2.4 Eigenvalue Formulation

The eigenvalue formulation is used here to analyze a uniform line. We

assume that the current on the line is of the form

J(z,2) = J.(c)exp(~iB.2) (2.72)
Jiz,2) = Ju(z)exp(—jB.z) (2.73)
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im(p)

T

M\ ? >t0 o

'\ '\ﬂ'ﬁ.*.

TE' pole TMo pole

el

> Re(p)

Branch cut at p=k°

l

Figure 2.2: Integration Path

We make use of a Galerkin method, that is we make the testing functions
identical to the expansion functions. Then we generate the determinant of the
coefficient matrix. This determinant is a function of 8. We determine 8 = £,
such that the determinant is zero. This is equivalent to solving the nonlinear

equation for 3
[K:] (K]

(K..][K..) | =2

This equation is solved using an interval halving technique. Once 3, is known,
we determine the transverse dependance of the current from the eigenvectors.
The calculation of the characteristic impedance is not unique because the fun-
damental mode is not perfectly TEM. Two definitions are possible.

P,

Zo= 4 (2.74)




25

V2

where P, is the z-directed power flow, I, is the z-directed current flow, and
V is the potential between the strip and the ground plane. We use the first
definition because V is not unique. The z-directed current on the strip is given
by

w/2
J, = / J.(z)dz. (2.76)

-w/2

The z-directed power flow is given by

P, =Re [/ /(E(x,y) x H(z,y)) - 2dz dy] . (2.77)

0 -0
The x-portion of the integration may be transformed into the spectral domain

through the use of Parseval’s theorem.

P. = Re L/ / (E(a,y)xH'(a,y))-idady} (2.78)

+ %Re// [( ~acz(CYay)fI;z(O"y)—

~ ~

Eya(a,y) Hy(a, y)) dordy) (2.79)

where

En(a,y) = EY(e)exp(—my),

En(a,y) = Ej(a)exp(—my),




A1 (a,y)
Hy(a,y)
z2(2, y)
Eyz(a, )
H.o(e,y)
f]y2(a’ Y)

E}\(a)

eal3

ng(a)
I;Igl(a)
ng(a)

E22(a)

A2 () exp(—my),
HY (@) exp(—my),
E%(a) sinh(12y),
E;’z(a) cosh(y2y),
HY,(e) cosh(72y),
HY)(a) sinh(12y),
—;(%)Be + qBh,
(§_1)B°

que + r(Z—i)Bh,
(Z)Bh’

Y2
TTA +
2 e th’
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The y-integration is simple

27

I m
= —=—J
Ciy n ()
1 21
- Cz 71 (a)P,
= D, (a)p,
Y2
21 3
= Dy—J,(a)p,
27 (a)p

—sinh(~9d) + — cosh(vd
yzsm (12d) + i ~ cosh(y2d),

sinh d+—:— h(~.d),
(72d) 5 < (72d)

exp(md) sinh(1.d)
Cy ’
exp(71d) sinh(42d)

may write
P, = Q-I—WRe[T(S'I( ) §2(a))da] (2.80)
where
S = (i—) (E% () HY% () ~ £9(a)H% (@) exp(—2md), and (2.81)
5 = (IES(0) S (@)sgn(m)]=-sinh(1ad) cosh(d) — d
~ E%@)A%(a [—smh('nd)cosh(vgd +d]] (2.82)

where sgn is 1 when =, is real and -1 when 7; is imaginary. The « integration

is done numerically.
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2.5 Source Formulation

The source formulation is the crucial part of this method. The source
formulation affects the accuracy and efficiency of the method and the ease
of determining network parameters. Several source formulations have been
proposed. The one used here appears to have first been used by [17]. It was
later, perhaps iadependently, proposed by [15]. This method involves the use
of a traveling-wave formulation. First, a spectral domain eigenvalue method
is used to determine the propagation constant and current distribut on for a
uniform line. Then this information is used to derive the source function, which
consists of an incident current wave.

L
J(z,z) = Y aidu(z) exp(—jB2) (2.83)

=1

L
JEe(z,2) = 3 bia(z) exp(—jB2) (2.84)

=1
The functions J., and J;, are the Maxwellian basis functions which will he
discussed in the next chapter. They include the proper edge condition for
the longitudinal and transverse current at the edges of the microstrip. The
constants a;...ar , b ...br, and B, the propagation constant, are determinec

in the spectral domain eigenvalue analysis.

Although in scattering formalism the source is postulated as an in-
coming wave from z = —o00, the source function is truncated at some point in

order to facilitate the numerical integration of the inner products.> We will now

31t is not necessary that the source functions be truncated in ~rder for the innner products
to exist. This will be discussed in Chapter 3.
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show why the integrals may be truncated while maintaining the correctness of

the formulation.

Consider the electric field generated by a traveling wave on an infinite

line. For simplicity, consider only longitudinal current on the line.

L
E, = //Zzz(:t - Z0,2 — zo)Za;J,;(xo)exp(—jﬂzzo)dxodgo (2.85)
=1

o To

In the spectral domain this becomes

-~ -~ L -~
E(c,B) = Zu(e,B)d_ a1d:m(a)8(B:). (2.86)
=1

Therefore, after testing we have,

+00 400

[ @, 8)Zurl e, B) 7, B)dad (

-0 =00
+0o0

= [ T, 8 Zunf BT, B do

-0

(8%

87)

by the sifting theorem. In the eigenvalue formulation we determined § such

that
[ Je(@) Zusle, 82157 (@)dex = 0. (2.88)

So we see that a traveling wave on an infinite line automatically satisfies the
integral equation for the electric field. Likewise, a standing wave on an infinite
line satisfies the same conditions. It seems reasonable to assume that a traveling
wave on a finite line satisfies this condition far away from any discontinuities.
Therefore, if we consider an incident wave on a semi-infinite microstrip line

from —oo, the electric field is given by




E,(z,d,z)

E (z,d,2)

+

:7”/0
—w —00
0

—-w =00

+w -z

-w =00

+w -2

-—w =00
w 0

/]

-w-—z
w 0

Zo(x — Toy 2 — 20)J:(Z0, 20) dTo d2o

+w
/ / Z.x(z — z0,2 — 20)Jz(Z0, 20) dzo d20

Z,(x — T, 2 — 20)J(T0, 20) dzo dzg

Z.z(x — To, 2 — 20)Jz(Z0, 20) dzo d2o

Zzz((t — Ty, 2 — Zo)Jz(:l?o, Zo) d:to dZo

30

/ / Z.z(x — To, 2 — 20)Jz(T0, 20) dTo d2o, and (2.89)

-w -2z
+w 0O

/ / Zz2(T — To, 2 — 20)J:(0, 20) dzo d2o

—w —00
0

-w =00
+w—2zL

—w —Q0
+w -z

-—w =00
+w 0

/]

-—w=-zy
+w 0

/]

-w -z

+w
/ / Z22(T — 20,2 — 20)Jz(T0, 20) dTo d2o

Zzz((l? - Tgy<2 — Zo).]z(.’ro, Zo) d.’l?o dZo

Zzz(fl: =~ Tpy< — Zo)Jz-(.'L'o, Zo) dxo dZQ

Zzo(T — 20,2 — 20)J2(T0, 20) dTo dzo

Z22(z — x0, 2 — 20)J=(Z0, 20) dz0o d20.

(2.90)

If 2 >> —zp, then the integrals extending from —oo to —z approach zero.
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Therefore, it is equivalent to define the Fourier transform of the travelling

wave current as

400 0O
j(a,B): / /J(z,z)exp(jaz)exp(jﬁz)da:dz. (2.91)

—-00 -2z,
This analysis may be extended to the two-dimensional case simply by noting
that the uniform line current is the homogeneous solution. Therefore, it may

be added to the unknown current without affecting the problem.

The reflected wave and, in the case of a multiport, the transmitted
wave(s) may be treated in a similar manner. The point at which the functions
are truncated affects the rapidity of the convergence of the integrals. This will

be discussed in the next chapter.

The equation is tested in order to enforce the boundary condition,
E,an = 0 on the strip. The test region must extend far enough from the
discontinuity that scattered field is taken into account. However, it must not

extend too close to the point at which the uniform functions are truncated.




Chapter 3

DETAILS OF THE NUMERICAL COMPUTATION

This chapter deals with the details of the computation. Because full-
wave methods such as the one presented here are computationally intensive, it
is necessary to take advantage of all available numerical labor-saving devices.

Therefore, we will discuss the following aspects of the computation.

e The choice of expansion and testing functions;

e The use of symmetry properties in the reduction of the numerical inte-

gration;
e The use of symmetry properties in filling of the impedance matrix;

e The conditioning of the integrands through the extraction of the singu-

larities associated with the surface-wave poles;
e The truncation of the traveling wave functions for optimum convergence;

e The acceleration of convergence of the integrals through the extraction

of asymptotic forms;

e The details of the computational algorithm.

32
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3.1 Expansion and Testing Functions

The number of basis functions required may be minimized if basis
functions represent the current on the conductors as closely as possible. The
computational effort may thus be reduced significantly. The basis functions
should exhibit the proper edge singularities, boundary conditions, and sym-
metry. Since the computations are to be performed in the spectral domain,
it is desirable to be able to obtain the Fourier transforms in closed form.
Both entire domain and subsectional basis functions are used in this study.
Two-dimensional basis functions are expressed as separable products of a one

dimensional function of z and a one dimensional function of z.

Sz, 2) = J ()0 (2) (3.1)
(2, 2) = Jin(x)d(2) (3.2)
Jer(z,2) = JEP()IS(2) (3.3)
I (2, 2) = TR ()00 (2) (3.4)

Therefore, the Fourier transforms are expressed as separable products of o and
B.

-~

Ji (e, B) = JH(a) 3(8) (3.5)
Tt ) = T2 (a) 5 (8) (3.6)
I (e, 8) = JE(a) 5 (B) (3.7)
Jet e, B) = TN 5 (8) (3.8)
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x=—w/2 x=+w/2

Figure 3.1: The Maxwellian Functions

3.1.1 Analysis of Uniform Microstrip Line

In the one-dimensional analysis of uniform microstrip line, entire do-
main basis functions and Galerkin’s method were used. The Maxwellian basis
functions were chosen to represent the transverse dependance of the current
on the uniform portions of the conductors. These functions exhibit the proper

symmetry and accurately include the effects of edge conditions.

cos(2!m-1!1rz)

sz(z) = T(—u;_l‘,)—2 (39)
i 2mnrzx
Jem(z) = 51“(_ (wz_aiz (3.10)

The one-dimensional Maxwellian basis functions are shown in Figure 3.1. This

choice has been shown [26] to give very accurate results with a minimal number
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of functions due to the variational formulation.

3.1.2 Analysis of Discontinuities

When analyzing discontinuities, two-dimensional basis functions in
which entire domain functions were used to describe the transverse depen-
dance of the current and subsectional basis functions were used to describe the
longitudinal dependance. The Maxwellian functions described above were used
for the transverse dependance. Several types of subdomain functions were used
for the longitudinal dependance. It was found that piecewise linear (overlap-
ping rooftop) functions allowed approximate satisfaction of all types of edge

conditions encountered. These functions are shown in Figure 3.2.

Jpwin(z) = (M) (3.11)

h
h— -z, 2(m-1)rz
Jomn(z,2) = (%)% (3.12)

h—|z—2z,|\ sin(322= (3.13)

Jomn(z,2) = ( 5 )—1\/:'—'_—(:;_??

For example, the two-dimensional basis functions, J,;.(z, 2) and Jpa(z, 2), are

shown in Figure 3.3 and Figure 3.4.

Travelling and standing waves were modelled by combining two two-
dimensional basis functions in which the Maxwellian functions were used for the
transverse dependance and sinusoidal functions for longitudinal dependance.
cos( 2(m;1)1rz)

1- (%)

Jesin(z,2) = sin(fB,z) (3.14)
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Figure 3.3: The 2-dimensional Basis Function, J.1a(, 2)
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Figure 3.4: The 2-dimensional Basis Function, Jzin(z, 2)

sin(ZBrz
Jrsin(T,2) = Sin(ﬂzz)T:(__E”Z%; (3.15)

For example, a positive travelling wave can be made up of two phase-shifted

sine/Maxwellian functions.

exp(jB.z) = cos(B,2) — jsin(p.z) (3.16)
sin(8,z — %) — jsin(f,2) (3.17)

The truncation of the sine function is detailed in section 3.5.

3.2 Symmetry Properties of the Green’s Function

The spectral domain Green’s function has the symmetry properties

given in Table 3.2. Because all of the expansion and testing functions used are




Component

Symmetry

Zsz(a, B)

even wrt a wrt

?,,(a,ﬂ) odd wrt a wrt 8
%u(a,ﬂ) odd wrt a wrt 8
Z.(a, B) even wrt a wrt 8

38

Table 3.1: Symmetry Properties of the Green’s Function

purely real in the space domain, the real parts of their Fourier transforms are
even functions and the imaginary parts are odd. Because of these symmetry
properties, we can reduce the range of integration. The real parts of the Fourier
transforms of the basis functions are always even, and the imaginary parts are
always odd. Thus the integration reduces to

400 00

Ky = [ [ J5"(@8)Zus(c, 6)J57(a, 8) dardf

Pospos

= [ [ Zu@p)

5 %

(Re [J5525:(e0)] Re [J3EZ5(e0)]

+Im [J15(e0] Tm [ 73355 (0)])

(i)

+ Im [J425.(8)] Im [J575(8)]) dad, (3.18)
K.ij) = +°°7°J‘°"aﬂ aﬂ)J””“( B)dadg

ramn

Re [J‘g;;,(a ] Im [J525(a)]

2(a)i\ &

— Im [J%% (a ] Re [J5Pe(a)])

(a)i\&
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(Re [J555:(8)] m [J2527,(8)]

— Im [J235:(8)] Re [J575(8)]) dadB, (3.19)
+00 +0o0
Koy = / / Jet(a, B) Zoala, B)T(t, B) dax dB
= //Zzz(a’ﬂ)
0 0

(Re [J2g25(@)] Tm [T
— Im [Ji¢Z):(e)| Re [J:735()])
(Re [0 1m [J23553(8)]
— Im [J%5.(8)| Re [J537(B)]) dacdB,and  (3.20)
+00 +o0
Kooy = | [ 754(08) Zuul e, 8)T57 (@, B) derdB

—00 —00
+c0 400

[ Zexte8)

0

(Re [J£g25(a)] Re [J5e7r()]

+ Im [J225(@)] Im [Jo7m (o))

(Re [J&5:(8)] Re [J225(8)]

+ Im [J525(8)] Im [J5555(8)]) drdB, (3.21)

Il
o

3.3 Symmetry Properties of the Matrix

A large savings of computational effort can be obtained by taking
advantage of the symmetry properties of the matrix. In general, the portion of
the matrix generated with Galerkin’s method applied to the identical shifted

subdomain expansion functions is Toeplitz or anti-Toeplitz. That is the matrix




is of the form

n T, T T,
T, v T, T;
T3 T4, TV T,
T4 T3 T2 T)
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This symmetry exists because the elements depend only on the difference of

centers of the testing and expansion functions. For example

Ka(i5)

Kzz(i,j)

zz(1,5)

Krz(i5)

Therefore, for K,, and K., T-, = T, (Toeplitz). For K,, and K,,, T-, =

+00 400

Zzz(a’ B)
o o0

(Jigde) T ()

z(a)l z(a)J

JZ(ﬁ)O(ﬂ)COS (ﬂlztest - zexpal) da dﬂ
+o00 400

sz(aa B)

0 0
Jai(@) I (@)

z(a)j

Jz(ﬁ)O(:B)Sin (,B(Zteat - zezpa)) da d,B

400 400

[ [ Zte

(Jiiit).( )z (@)

Jz(,@)o(ﬁ)sm (B(2test — Zezpa)) daxdB

+00 +00

Z:z(a, B)

0o 0
(Jaiail@)Jotays(@)

Jz(ﬁ)o(ﬂ)cos (.Blzteat - zeng‘) da dﬂ

(3.22)

(3.23)

(3.24)

(3.25)

-T,

(Anti-Toeplitz). In general, portions of the matrix which are not Toeplitz are

still symmetric about the principle diagonal due to reciprocity. Furthermore,

the zx and xz matrices are identical due to reciprocity.
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3.4 Surface Wave Poles

As was pointed out in Chapter 2, the spectral domain Green'’s function
has poles corresponding to TM and TE surface waves. These poles are the

solution to the nonlinear equations

ean + 2 tanh(y,d) = 0, and (3.26)

1 + Y2 coth(yed) = 0. (3.27)

These equations are solved using an interval-halving routine. The location of
the surface-wave poles must be known accurately. It has been found that the
location of the poles must be known to 7 significant digits [16]. This accuracy

is easily obLiained, however, using the interval-halving method.

3.4.1 Extraction of Surface Wave Poles

As pointed out in Chapter 2, surface wave pole(s) can occur in the
integrands. It is possible to evaluate the integrals as given in Chapter 2. In
this case, § should be on the order of .01ky. However, evaluating the integral
in the neighborhood of these poles 1s very difficult. Therefore, it is desirable
to develop a technique by which these poles may be extracted leaving a well-
behaved integrand. This may be done by taking the -1 term of a Laurent series
for the integrand about the surface wave pole. Also, as pointed out in Chapter
2, all of the surface wave poles occur in the range k < p < egk. Therefore we
may write

2r

oo k 2m
O/O/ng‘();’)’) dpdf = 0/0/-1%%;’—)4,;&
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\/E;!-k%'
N(8,p)  Rrmolprmo)
+ ( y _ o\PTMo
k/ 0/ D(p) P = PTMo )dpde
oo 27
N(b,p)
+ | i 0/ D 4 (3.28)
ko 27
Keoig) = / / T (p,9)Z.2(p, 0)J 77 (p, 6} dar dB
00

prMo—6 21
+ / / (J::"'(p, 8)Z..(p,0)J;i"(p,0) — ﬂ——) dadp
b 0 p — PTMoO

\/EE"O 27
+ (J::"'(p, 0)Z.a(p, 8) 5% (0, 0) — RT—“) devdB
pTM0+S O P~ PTMO
oo 2r
+ [ [T (0,6)2(0,0) 7570, 6) docdB
Verko O
\/Egko — PTMO .
+ (ln ( ko — oo - 27!') Rryme. (329)
ko 27
Koty = [ [J57(0,0)Z:a(p,6)J57(p,0) dard
00
pTM0—6 21
v [ (J::"'(p,o)Zu(p,eJ)sz”“(p,o) - —RTL) doc 43
ko o P — PTMO
\/C?ko 2r
+ (J::"'(p,o)Zzz(p,e)J:;”“(p,m - ﬁ"—) da dp
oTMmo+6 O P — PTMO
o 2
+ [ [IE 0.0 2000, 0057 (p,0) der dB
Verko O

Verko — pTm .
+ (m( °) - z7r) RrMsz (3.30)

ko — PTMo
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ko 27

Ky = | [ 750,626,075 (p,0) derd
)
pTMO—0 21 3 i i R
+ [ (J;:"‘(p, 0) Zex(p, 0757 (0, 6) - L) dadB
P — PTMO
kg O
\/z?ko 2r R
+ (J;f"'(p,O)Zn(p, )J“p“(p, ) — &) da dB
P — PTMo
prmots O
oo 2T
v [ [T 0.0) 200,005 (p,0) dard
Verko 0
+ (1 (ﬁk() - pTM°> - ivr) RrMss (3.31)
ko — pTMmo
ko 27
I{zr(c’,j) = //Jtc-’h(p, B)sz(p, )J;;—'Pa(p, 0) doa dﬁ
00

prMo—6 2r ) R
+ /(J;s“'(p,O)ZW@,O)J:?’“(p,e)—&) dardB

k ) P — PTMo
0

\/‘_Eko 27 R
Ttests > Ferpa TMzz

+ (J;, t (Pao)sz(P, B)ijp (p,g) - m) da d,@

pTMo+5 Y
+ / / T (5, 0) Z.a(0,0) IS (0, 0) da d

Verko 0
+ (1 (‘/EEkO — pTM°) - irr) Rrwes (3.32)

ko — pTMo

where

27
Rsee = [ J5(0,0)Zustm(p,0)T557 (0, 0) d6

0

r
Rrafez = / et (9, 0) Z.m(p, 0) 237 (p, 0) d6

o
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2
RTsz=/Jw".(p, ) szM(p’ )J:fpa(pag) dé

Renses = / J(p,0) Zestae(p, 0) 557, 0) .

(3.33)

3.5 Extraction of asymptotic forms

The second difficulty encountered in the evaluation of the integrals is
the evaluation of the asymntotic portion of the integral. The integrand decays
slowly, as will be shown, and therefore the integration must be carried out
to a very large value. This, too, is numerically expensive. Therefore, it is
desirable to extract the asymptotic portion of the integrand and integrate it
analytically. However, this has only been satisfactorily implemented for the
one-dimensional case. An alternative method has been implemented for the

two-dimensional case.

3.5.1 One-dimensional case

In the calculation of the propagation constant and the current distri-
bution for the modes of a uniform line, it is possible to obtain an asymptotic
form of the integrand, which may be integrated in closed form. We now exam-
ine the asymptotic form of the Green’s function for large a and 3. For large

values of a, Equations 2.37-2.50 become

o~ oa (334)

T o~ o (3.35)




jweo(l + €r)’
5h Jwp
2 2a’

N, ~ @-, and
a

N, ~ 1.
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(3.36)
(3.37)
(3.38)
(3.39)
(3.40)
(3.41)
(3.42)
(3.43)

(3.44)

(3.45)

(3.46)
(3.47)

Therefore, for large values of a, the spectral domain Green's function

components behave as follows.

7, ﬂz jld[l __ 7rasymp
Zzz - . —_— Zzz
ajweo(l + €g) 2«

3

5 B a JWi 5

VA ~ = Zaaymp,
a(jweo(l + €R) + 2a ) =

7. __ﬂ_ a Jwp

= a jweo(l +€p) 2a

)= Z2¥™, and

~ —

Z:r:z = /szwﬂ = Zasymp.
Jjweo(1l + €r) 2a3 £

(3.48)
(3.49)
(3.50)

(3.51)
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So the Green’s function behaves asymptotically as
Z 0(1) (3.52)
2z a v .
Z. ~ OQ), (3.53)
7z ~ O(1), and (3.54)
Z:z ~ Ola). (3.55)

Therefore, in order to ensure the convergance of the integrals, the
basis functions used to represent J, must behave asymptotically as i—, and
the basis function used to represent J» must behave asymptotically as #, if

Galerkin’s method is used.

The Fourier transforms of the Maxwellian basis functions are given

by
Jm(e) = T2 (5 + (m = )
+ Jo(|%°i-(m—1)7r|)],and (3.56)
Jom(a) = %[Jo(l%g+mﬂ)—10(lw—2a-—mﬂ)]- (3.57)

where Jo(z) denotes the zeroth-order Bessel function. This function is evalu-
ated numerically using a rational function approximation. From the asymptotic
form of Jo [24], it can be seen that the asymptotic forms for the Maxwellian

functions are

() ~ :wa sin (52) (~1)™71 = Jermr(a), and (3.59)
Fom(a) ~ \/%U_&.-Z—Zsin (-’“"2—")(—1)"‘+1 = Jewmeg).  (3.59)
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Therefore, the Fourier transforms of the Maxwellian functions behave asymp-

totically as

~ 1
Jom(a) ~ O (ﬁ) , and (3.60)

Jen(a) ~ o(ﬁ). (3.61)

The integrands then decay as Z;. This is a fairly slow convergance. Without
any acceleration technique, the integrals must be carried out to a large value
of a as much as 1000k,. However, since the asymptotic forms of the basis
functions and Green’s function are relatively simple, it is possible to evaluate

the asymptotic portion of the integral analytically.

o0

,,/ Jervmo () 22399 (0) Jom ) dee = (1))
(4#:'63)- B ""2_"_) (%u-) (:11- + %Sin(aw) - wCi(aw)) (3.62)

o0

[ Jesme(2) Z2pme (@) Jeme @) da = ((—1)™*)

(o) () (o oot

1+CR) F a

o0

[ Jemr(@) Zazme(a) JermP (@) da = ((-1)™")

(w—eo(—lﬂ+_en)-) (i}—?) (% + %sin(aw) - wCi(aw)) (3.64)

o0

[ Iz (e Z2zme (@) Jarme @) da = ((—1)™*7)

a ( 1 ) (87rmn> (l + cl—lsin(aw) - wCi(aw)) (3.65)

weo(1 + €r) w3 a
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where

Ci(z) = —7%(%1:. (3.66)

z

The cosine integral may be efficiently and accurately approximated with a

rational function [23]. So the integrals are evaluated as

0/z.r)d

/J J.(a) da

+ / (@) Zza(@) ()

— o) 2 (0) T2 @) de
mn—2 B wp (8
1) * (weo(l + €n) ?) <7r—w—)

(-
(% sin(aw) — wCl(aw)) , (3.67)

J(@)Z (@) Jo(a)da = / J(@)Z.2(a)Jo(@) da

hl'—‘

0\8

[jz( ) Z:2() ()

_ jaayrnp(a)Zaaymp(a)jaaymp(a)] do

+
a\.

+ (=1)™*" (weo(1+63)> (181)—7;)
(al+—sm(aw) wCJ(aw)) (3.68)
f;(a) Zei(@) (@) da = / (@) Zz:(0) (@) de

~

R FARYRBYIN

a

— JEVmP(a) 22 () SV ()] der
mtn A 8m’
+ (=)™ <w60(1+eR)) (w’)
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(% + (ll—sin(aw) - wCi(aw)) , and (3.69)

[Je(@) Z22() Jo()

= Jem(a) 22 () T2 ) de

+ (= (weo(11+ ea)) (87;07271)

(% + %sin(aw) - wCi(aw)> . (3.70)

3.5.2 Two-dimensional case

In Section 3.1.2, it was seen that the longitudinal dependance of the
current is represented by two types of basis functions, piecewise linear and

sinusoidal. The piecewise linear function is repeated here for convenience.

Jpwia(2) = (w)

The Fourier transform of the piecewise linear function is
21
B? h

As can be seen, the transforms behave asymptotically for large 5 as

Jpwrn(B) = (1 = cos(Bh)) exp(jBzm).

JpwLn(B) ~ O(:q};)- (3.71)

As noted, the sinusoidal basis functions are truncated. The length of the sinu-
soid, as pointed out by [15] should be an integer number of half-wavelengths
in order to obtain the fastest convergence of the integrals. This can be seen as

follows.




Let

o=

Then

~

Jsin(:@)

ni
For z, = =4,

Jsin(ﬂ) ~

For large values of 3,

-~

Jsin ~

sin(B,z) 1f0< 2 < 2, and
0 otherwise.

1
B+ B.
1
BB

1
2
1
2
1
28+ 8.
1
2
1
2
1
2

cos((B + B:)z)

g oos((8 = 8=

1

YR
1

sin((8 + B:)z)

B —B.

1

B+ 8.
B
B

8

— +

B.

.

3 cos(fzy)

— +

3 cos(Bz:)

[

317 sin(Bz;)

1
ﬁ—ﬂz

sin(fz:).

PO DN DO DN D= N

gl

sin((8 — B.)z:).

s 1 + cos(Bz¢) + sin(Bz)).
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(3.72)

(3.74)

(3.75)
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Therefore,
~ 1
Jsin ~ O(’—B-;

On the other hand, if the sine function were truncated at an odd integer number

(3.76)

of quarter-wavelengths, F,i,(8) would decay as -;; for large 8. It is desirable to
truncate the sine function at an integer number of half-wavelengths not only
because this speeds convergence, but also because the subsectional and entire
domain basis functions will then decay at the same rate. As it stands, j,,-n(B)

can have a pole at 8 = 3,. However, by further constraining the truncation to

an even integer number of half guide wavelengths, we can eliminate the pole.

Let
zp = nh.gg. (3.77)
Then
cos(fBzr) = 1, and
sin(Bzr) = 0. (3.78)
Therefore,
Jim Joa(8) =0 (3.79)

As noted in Chapter 2, the traveling-wave function does not have to

be truncated at all in order for its Fourier transform to exist. That is

Jsourcc(z) =

—iB:z
{ e if 2 <0, and (3.80)

0 otherwise.
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The Fourier transform is then derived as follows.

0

Fource(8) = / =iBs24iB% 4
-0
0

= / iB-B2)z 4,
-0
0

0
- / cos(B — B,)zdz + / sin(8 — 8,)z dz

-0

1 +00 0
= 3 / PPz dz 4 j / sin(8 — B;)zdz

1 +o0 0]
= 5 / eB=Pz gz 4 g lir% / e**sin(fB — B,)zdz

Therefore,
jaourcc(ﬂ) = %[27(5(,3 - ﬂz)]
+-7 ll_r’l’(l] [02 + :Baz_ ﬂz)2 (a SIH([IB - ﬂz]z) - (IH - ﬂz) COS([IB - ,Hz]z))
" 1
Jsourcc(ﬂ) - Wé(ﬂ - ,Bz) + m (381)

It is immediately seen that this function presents two numerical problems.
First, it has a pole at 8 = 3,. Also, it behaves asymptotically as % Therefore,
it is numerically more expensive to evaluate than the source function used
here. However, it should be noted that it is more rigorously correct and may

be necessary when surface wave coupling is strong or complex circuit geometries

generate strong coupling.

For large values of 8, the spectral domain Green’s function compo-
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nents behave as follows.

. B o jwp

Zu ~ jweo(l + €r) 2a3 "’ (3.82)

5 a B Jwp

=~ “peatiren) T 28 (383)

; a B jwp

Zpy ~ ﬂ(jweo(l . + 53 ), and (3.84)

- o? Jwu

Za::c —,B](.UC()(l + CR) 2[3 . (385)

So the Green’s function behaves asymptotically as

~zz ~ O(ﬁ)? (386)
~z:z: ~ 0(1), (387)
702 ~ O(1), and (3.88)
- 1
Loy ~ O(E) (3.89)

From the asymptotic forms of the Green’s function for large # and the asymp-

totic forms of the basis functions, we see that the two-dimensional Z,, integrals

L
53’

converge as % along the 3 axis.

converge as the Z,, and Z,, integrals converge as ﬁl—,, and the Z., integrals

In the two-dimensional case, the extraction of the asymptotic form is
not straightforward. Because the transverse dependence of the two-dimensional
basis functions is the same as that of the one-dimensional basis functions used in
the analysis of uniform line, the convergence along the a axis is the same as that
for the one dimensional analysis. Along the 3 axis, the convergence is better
because the basis functions exhibit more rapid convergence. The integration

is performed in a cylindrical coordinate system, and while an asymptotic form
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is available for the Green’s function for large p, no such forms are available
for the basis functions. This is because they are separable in @ and 5. The

asymptotic form of the Green’s function for large p! is given by

. ___pcos*(d)  jwpusin®(6)

Z2:(p,9) Fwes(l+ €n) % (3.90)
2 ; 2

- jwco(1ﬂ+ €R)p + Jc;z? ’ (3.91)

o) = OO @)

Zz:(p,0) - jf:(,(fl) ii(,f))p -t Coz(p? sm(())’ and (3.93)

Zulp) = =L :ﬁ‘zfr”zﬂ) - dmrnls) (3.99

For a conductor backed homogeneous medium of relative dielectric

constant €., the space domain Green’s function is given in closed form b
(2]

Zzz(x —T0y2 — Zo) =

ﬁ(ee 2 gz)[exp(;];k}?,) _ exp(;z{kR,-)], (3.95)
Z.(t — 20,2 — 20) =
47;1{,75(“ K+ af;x)[exP(;];kR,) _ exp(-l-szR,-)], (3.96
Zz2(T — To,2 — 20) =
ﬁ;(eeké + af;z)[e"p(zk&) _ exp(g’kRe)L and (3.97)

1 The asymptotic form for Z,, in [36] appears to be incorrect.
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Zez(T — To, 2 — 20) =

0?  exp(—jkR,) _ exp(—JjkR;)

—J 2
47rweoeg(eek° + sz)[ R, R; ] (3.98)
where
R, = \/(z —20)? + (z — z0)?, and (3.99)
Ri = \/(z=2)2+ (z — z0)? + (2d)2. (3.100)

Using the identity given on page 179 of [25] and the differentiation theorem for
Fourier transforms, the spectral domain form of this Green’s function is given
by

. ek?_ 2
Zo(anf) = (gj—;mi—)(l—exp(—zwd)>, (3.101)

(fekg — :Ba)
2jweg€eys
(€ckd — af)
2jwep€e,
(fckg —a?)

Zzr(a,B) = m(l—eXP(—Q‘nd))- (3.104)

sz(a,ﬂ) (1 - exp(—272d))a (3102)

Zer(, B) (1-exp(=2pd),and  (3.103)

This behaves asymptotically for large p as

Zfap) = B _ P (3.105)
= T 20 2jwege.p’ ‘
. k2
Zzz(a» ﬂ) = 2- _'.'ﬁc'!_, (3106)
2p 2jwepe.p
-~ k2 aff .
Zr:(a,B) = 5 - m, and (3.107)
- ki a?
rz\ Q, = =00 A
Zze(a B) 2p  2jwege.p (3.108)
TLerefore, if we let €, = g5:_;‘-’—1-, the asymptotic fcrms become
. 2 ;
ALY p— R b (3.109)

jweo(l +er)p  2p
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Zu(arB) = ——bX __Juk (3.110)

jweo(l +€r)p  2p

- af Jwp
Zz(a, = —= - , and 3.111
(e, B) Jweo(l + €n)p 2p ( )

-~ 2 y

Zeo(a,f) = —— Ll (3.112)

Jweo(l +€r)p  2p

It can be seen that the TM term of the asymptotic form for the homogeneous
case is identical to that of the grounded dielectric slab. Therefore, this aymp-
totic form may be subtracted from the spectral domain Green’s function to
vield a more rapidly converging kernel. Although the additive term may not
be evaluated analytically as in the one-dimensional case, it may be evaluated in
the space domain. This requires the computation of a four-dimensional finite
integral. When simple basis functions are used, this four-dimensional integral
may be further reduced to two-dimensions because two of the integrations may
be performed analytically. However, the use of the Maxwellian functions allows
only one of the integrations to be done analytically. Because the integration
is in the space domain, a singularity exists at the source point. In order to
perform the integration efficiently, this singularity must be extracted and inte-
grated analytically.

z

oo 2

[ [ 755 (0,6)2..(0,0)J5™(5,0)p dp d6 =
0

0

o

7/ J(0,0) [Z.:(p,8) = Z1,(p,0)] T (p,8)pdp db +

////J"“ (2,2)Z" (z — To, 2 — 20)J (2, z)dro dzo dz d=(3.113)

r zZ Io 20
Because the space domain integration is still somewhat laborious, it nas been

found that this method did not reduce the computation time significantly.
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3.6 Numerical Evaluation of the Integrals

Because the the range of integration is the same for all the integrals,
it is advantageous to precompute and store the components of the Green’s
function and the expansion and testing functions. Thus the Green’s function
is computed only once for each integration step for the entire matrix. This has
been noted by [2]. Some savings is realized in the computation of the basis
functions due the eliminated redundancy. This is particularly suited to vector

processors because the computation of the integrals may be vectorized.




Chapter 4

THE OPEN-CIRCUIT MICROSTRIP
DISCONTINUITY

4.1 Introduction

Microstrip open-end discontinuities are an integral part of most mi-
crostrip circuits and antennas. The geometry of a microstrip open-end discon-
tinuity is shown in Figure 4.1. Open-end discontinuities in open microstrip are
imperfect open-circuits because of energy storage in non-radiating fields and
energy leakage into radiating fields. Energy leakage into both space waves and
surface waves occurs. The discontinuity exhibits a minimum susceptance immi-
tance function. Therefore, an appropriate circuit model is a parallel combina-
tion of a reactance and a conductance as shown in Figure 4.2. In general, both
the reactance and the conductance are frequency dependent. In this chapter,
microstrip open-end discontinuities in open environments are analyzed using a
combination of the the deterministic and eigenvalue formulations of the spec-
tral domain approach presented in Chapters 2 and 3. The study includes the
effects of both longitudinal and transverse currents and incorporates the proper
edge conditions for each component of the current at the edges of the strip and

the open end of the strip.

38
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microstrip

substrate
(e=¢c &)
R O

groundplane

Figure 4.1: Geometry of Microstrip Open-End Discontinuity

*

uniform line

(8.2)

[ ]

z=0

Figure 4.2: Equivalent Circuit of Microstrip Open-End Discontinuity
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4.2 Method

The computational method consists of two parts. In the first part,
the spectral domain eigenvalue formulation is used to compute the propagation
constant, characteristic impedance, and longitudinal and transverse current
distributions for the fundamental mode on an infinitely long open microstrip
corresponding to the uniform region. The source current to be used in the

second part of the method is then given by

L
Jove(z,2) = Y aiJq(z)exp(—jpB.z), and (4.1)
=1
L
Jovree(z,2) = Y biJu(z)exp(—jB.2). (4.2)
=1

The functions J,,, and J.;, are the Maxwellian basis functions described in
Chapter 3 They include the proper edge condition for the longitudinal and
transverse current at the edges of the microstrip. The constants a,...ar |,
by...br, and [, the propagation constant, are determined in the spectral do-
main analysis. In practice, L = 2 yielded good results and was therefore used
throughout the analysis. The propagation constant for the fundamental mode,
B., is always greater than the value of p for any surface-wave pole. Therefore,
the fundamental mode is always slow compared with any surface wave mode
and thus does not radiate any power into surface-waves. In the second part of
the method, the microstrip is divided into two overlapping regions: a uniform
region far away from the open end and a perturbed region near the open end,
as in [15]. In the uniform region, the current is assumed to consist of only the
fundamental mode. This will be true if the higher order modes are either leaky

or evanescent. The current in the uniform region is represented by the source
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function and a reflected wave with an unknown amplitude, I'.
. L
J:mform(z, z) = Zaljzl(x)(exp(—jﬂzz) — Fexp(+7B:2)), and (4.3)

Jumiform(z, z) = szJx, J(exp(=jB:2) + Texp(+7B:2)).  (4.4)

Note that T' is the voltage reflection coefficient. As discussed in Chapter 3,
the exponential functions are split into sine and cosine functions which are

truncated to give the most rapidly converging Fourier transforms.

The longitudinal dependence of the current in the perturbed region
near the open end is augmented with piecewise linear (rooftop) subsectional
basis functions, which are defined in Chapter 3. The piecewise linear func-
tions allow a reasonable approximation to the edge condition for the both the
transverse and the longitudinal currents at the open end. The transverse de-
pendance of the current in the perturbed region is represented with Maxwellian
basis functions with variable coefficients. This takes into account mode con-

version in the perturbed region. Therefore, the current in the perturbed region

is given by
M
J;)erturbed(x’z) = z J Zcmn Jumform(x 2) and
m=1 n=1

szicrturbed .'If Z) Z sz denFn +Jumform(z Z)

where Fy(z)...F,(z) are piecewise linear subsectional basis functions. The

positioning of the basis functions is shown in Figure 4.3.

If just the longitudinal current, J,, is taken into account and mode

conversion is neglected (M = 1), as it was in [15], there are .V + 1 unknowns,
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Figure 4.3: Positioning of Longitudinal Basis Functions for Analysis of Mi-

crostrip Open-end Discontinuity
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the complex coeflicients of the subdomain expansion functions and the complex
reflection coeflicient. Since it is not possible to test the equation with the source
function, Galerkin’s method cannot be used here. However, it is still useful
to use the M subsectional basis functions as testing functions in a “nearly
Galerkin” method. This generates an underdetermined linear system with one
less equation than unknowns. One method of solving the problem is to simply
use one more testing function to generate one more equation. The linear system
is then square and may be solved using Gaussian elimination. This method was

proposed by [15]. Thus, the following linear system is derived.

- Kzzpp Kzzpp Kzzpp - K- 110 e ] - Szzp+ :
zzpp zzpp zzpp _
K;7" Kj;3' ... K;y K”P a, _"”+
Ky "”” Ky ””” . K"W’ Ky z2p- an —-Sy szpt
zzpp "PP 22?? zzp— zzp+
L [KN+1,1 KN+1,2 KN+1,N | Knvi1 ] ] L aver | i —Snir

The portion of the matrix generated by testing and expanding with subdomain
expansion functions has Toeplitz symmetry. Therefore, only one row of ele-
ments needs to be calculated. To generate the entire linear system, 4N + 2

integrals must be computed.

When two dimensional current is considered, the linear system be-

e =]

where K., denotes the coeflicient matrix given above and K, etc. are similar.

comes

By reciprocity, K, = K;,. We note that ay4; = —I" and by4; = T'. Therefore,
the system of equations given above is over-determined by one equation. The

overdetermined system was solved using a least-squares approach. The numer-
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ical cost of including the effects of two-dimensional current are substantial; we

must evaluate 11V + 5 two-dimensional integrals.

One drawback to this method is that there are several unknown quan-
tities which must be determined empirically: the length of the uniform line basis
functions, z;, the length of the region of subdomain expansion, and the length
of the subdomain expansion functions. It has been empirically determined
that using 2; = 6\.ss yields satisfactory results. Also, it has been found that
using subdomain expansion functions of width, 2h = ’\—;éf-, yields satisfactory
results. However, the length of the subdomain expansion region, and hence
the number of subdomain expansion functions, depends on the geometry of the

discontinuity.

Some of this uncertainty may be removed by generating an overde-
termined system by using more subsectional testing functions to generate more
equations. The over determined system is solved via a least squares method. T
is the complex reflection coefficient for the fundamental mode. From a;...aps
and T, the current over the entire strip can be determined. From I', the reflec-
tion coefficient, and Zy, the characteristic impedance of the uniform line, an

equivalent admittance can be calculated

1-T
euivzy( ) .
Yo, N\ TTT (4.5)

.
where Yy = z

4.3 Numerical Results

In Figures 4.4 and 4.5, the longitudinal (z-directed) current and the

transverse (x-directed) current on an open circuited microstrip line are plotted
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Figure 4.4: Magnitude of z-directed Current on Microstrip Open-end Discon-
tinuity

to show the edge conditions for a typical case. The characteristics are as follows:
e Relative dielectric constant, eg : 12.8
e Substrate height, A = .300 mm
e Strip width, w = .600 mm

e Frequency = 4.00 GHz

It can be seen that the piecewise linear functions allow the edge conditions at

the open end for both the transverse current and the longitudinal current to
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Figure 4.5: Magnitude of x-directed Current on Microstrip Open-end Discon-

tinuity
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Figure 4.6: Effective Dielectric Constant of Uniform Microstrip Line

be accurately modeled.

In order to allow comparison with previously published experimental
data, [49] an analysis was made of an open-end discontinuity in microstrip line

with the following parameters.

e Relative dielectric constant, g : 9.9
e Substrate height, A = .635 mm

e Strip width, w = .600 mm

The dispersion curve for €.ss is shown in Figure 4.6. In Figure 4.7, the char-
acteristic impedance is plotted as a function of frequency. Figures 4.8 and 4.9,

show the magnitude and phase of the reflection coefficent for an open circuit
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Figure 4.7: Characteristic Impedance of Uniform Microstrip Line

discontinuity. In Figures 4.10 and 4.11 G and B are plotted as functions of
frequency. This line is very narrow electrically; at 20 GHz the line is still
only 0.04 free-space wavelengths wide. The phase agrees reasonably well with
the measured data in (49] (the magnitude was not presented in [49]) and with

calculated data in [18] and [44].

In order to quantify the effect of the transverse current on the reflec-
tion coefficient of a microstrip open-end discontinuity, an analysis was made of

an open-end discontinuity in microstrip line with the following parameters,

¢ Relative dielectric constant, eg: 9.6
o Substrate height, A = .635 mm

e Strip widths, w = .600 mm and w = 1.20 mm.
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Figure 4.8: Magnitude of Reflection Coefficient of Microstrip Open-end Dis-

continuity
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Figure 4.9: Phase of Reflection Coefficient of Microstrip Open-End Disconti-
nuity




0.5

0.3

0.2

71

& =990

w = 600 mm
d = 835 mm

+ + ¥ + + — treq(qQHz)
5.00 10.00 15.00 20.00 25.00 30.00

Figure 4.10: Equivalent Conductance of Microstrip Open-end Discontinuity

03

03

02

. - 9.90
w = 800 mm
d = 635 mm

+ + +— + freq(qgHe)
5 00 000 "S00 2000 2500 30.00

Figire 1.11: Equivalent Capacitance of Microstrip Open end Discontinnity




72

":ﬂ Effective Dielectric Constant
————————————————————————— =96
open microstrip line:
8.0 1 ¢ =96 w = 1.20mm
d = .635mm
8.0 ¢
/
70 ¢
w = .600mm
6.0
5.0 > frequency (gHz)

10.00 20.00 30.00 40.00

Figure 4.12: Effective Dielectric Constant of Uniform Microstrip Line

The narrow line is very similar to that in the above analysis. It was chosen
because it is a very commonly used design. The dispersion curves for €.y
are shown in Figure 4.12. In Figure 4.13, the characteristic impedances are
plotted as a function of frequency. As can be seen, the narrow line exhibits a
characteristic impedance which varies from approximately 50 ohms at 10 GHz
to 70 ohms at 40 GHz. The characteristic impedance of the wide line varies
from approximately 35 ohms to 45 ohms over the same range. In Figure 4.14.
the ratio of the transverse to longitudinal current is plotted. It can be seen that
the transverse current on the narrow line is not very significant in comparison
to the longitudinal current. However, the transverse current on the wide line
can be quite appreciable. In Figure 4.15 ard Figure 4.16 the magnitude and

the phase of the reflection coeflicient of the open-end discontinuity are plotted.
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Figure 4.14: Transverse Current on Uniform Microstrip Line
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It can be seen that the inclusion of the transverse current in the analysis mainly
affects the phase of the reflection coefficient. It can also be seen that the effect
of the transverse current is a decrease in the phase of the reflection coefficient.
This seems resonable because the t'ransverse current tends to store magnetic
energy. The longitudinal current stores mainly electric energy. Thus the cffect
of the transverse current can cancel the effect of the longitudinal current to

some extent.

In order to further compare this analysis with previous numerical
work, and analysis was made of an open-end discontinuity in microstrip line
of width .1)¢ on a substrate with a relative dielectric constant of 12.8. The

magnitude of the reflection coefficient of the open-circuited microstrip line is
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Figure 4.19: Magnitude Reflection Coefficient Coefficient of Microstrip Open-
end Discontinuity

shown in Figure 4.19. In the same figure, the magnitude of the reflection
coeflicient is shown calculated including only longitudinal current on the strip
as was done in [15]. This data agrees well with that presented in [15]. It can
be seen that for narrow lines such as this one, the inclusion of the transverse
current makes little difference in the magnitude of the reflection coefficient for
small values of %. However, near the cutoff of the first TE surface wave, it is
seen that the magnitude of the reflection coefficient displays a more pronounced
trough and peak. This seems reasonable because the inclusion of the energy
stored in the transverse current could increase the frequency sensitivity of the

reflection coefficient.
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Also in Figure 4.19, the magnitude of the reflection coefficient for
an open-circuited microstrip line of width .15)¢ on a substrate with a relative
dielectric constant of 12.8 is shown. It can be seen that the wider line has a

more pronounced resonance at the cuton of the first TE surface wave mode.

4.4 Conclusions

Microstrip open-circuit terminations have been analyzed using a de-
terministic spectral domain method. The radiation loss from the open-end
discontinuity can be significant when the substrate is electrically thick. It has
been shown that the the transverse current in the microstrip has little effect
on the reflection coefficient as long as the line is narrow and the substrate is
electrically thin. However, the effects of the transverse current are more pro-
nounced for wider lines and thicker substrates. The effect is most noticeable

near the cutoff frequencies of the T F, surface-wave mode.




Chapter 5

THE SHORT-CIRCUIT SLOTLINE
DISCONTINUITY

5.1 Introduction

The slotline short-circuit discontinuity is the simplest slotline discon-
tinuity. The geometry of the slot line short-circuit is shown in Figure 5.1. Like
the open-circuit discontinuity in microstrip, the short-circuit slotline disconti-
nuity is non-ideal because of energy storage near the discontinuity and energy
loss from radiation into surface and space waves. The slotline short-circuit
discontinuity exhibits a minimum reactance immitance function. Therefore, an
appropriate equivalent circuit for a short-circuit slotline discontinuity is the se-
ries combination of a resistance and an inductance both of which are in general

frequency dependent as shown in Figure 5.2.

In this chapter, slotline short-circuit discontinuities in open environ-
ments are analyzed using an extension of the method presented in Chapters
2,3, and 4. This study includes the effects of both longitudinal and transverse
electric slot fields and incorporates the proper edge conditions for each com-
ponent of the field at the edges of the slot and the short-circuited end of the

slot.

Although the microstrip open-circuit and the slotline short-circuit

are similar in that both radiate power into space waves and surface waves, the

80
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excitation mechanisms are different and therefore, the radiation characteristics
are different. In this chapter we compare the non-ideal aspects of open-circuit

microstrip and short-circuit slotline discontinuities.

5.2 Method

In principle, the method of analysis described in Chapters 2 and 3 may
be used to model slotline discontinuities. However, because the current exists
over semi-infinite planes, the representation of the unknown current with basis
functions would be difficult and inefficient. Therefore, an alternative approach

is used. Consider the spectral domain equations defining the Green’s function.

E.(a,B) = Z..(a, B) (e, B) + Zoz(a, B)Jx(a, B) (5.1)
Ex(a, 8) = Zoo(a, B)J.(a, B) + Zez(e, B) (e, B) (5.2)

This expression can be inverted to give

jx(aa ﬂ) = 1”/:t:z:(aa ﬂ)E,(a, ﬂ) + Y/:cz(a’ IB)Ez(a’ ﬂ) (53)
Jz(aa ) = ~zz(as ﬂ)EI(a’ ,B) + ?Zz(a’ ﬂ)EZ(a’ B) (54)
Because the slotline has no ground plane, the Green’s function is slightly dif-

ferent from that used for microstrip line. The Green’s function is derived in

Appendix 2 and is given by

Yer = —N2Ve— N2YH (5.5)
V.. = —N,N(Y°=Y"), (5.6)
Yoo = —N,N(Y°-Y") and, (5.7)

Y,, = —N¥Ye— NIyh (5.8)




where

~

Yre:

Yra: (

~

Yramz + Yran »‘uéh(‘hd)) d
Yrami + Yrma coth(yed) )’

(

}7752 + Y/TEI COth(“/zd))
YrE1 + YrE2 coth(72d)
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Like the Green’s function used in the analysis of microstrip, this Green’s func-

tion has poles corresponding to surface waves in the dielectric. These surface

waves correspond to those in a grounded dielectric slab just as those generated

by microstrip discontinuities. Therefore, the pole locations are the same as

those for the grounded slab. However, the residues at the poles are different

because the surface wave excitation mechanism is different. The residue cal-

culation is the same as that given in Chapter 2 except Z,.rar ... ZzzTar are

replaced by

where
Cre
Yim

5%
dp
vy
dp

wetm = —N2Yf,
Vorm = —NoN,VE,
Yierm = —NIsz’TeM and,
YooM= ~N2Yfp,,
= Vears Yrar2 + Yran coth(v,d) ,

<
X

v
LA
Vi

BYf + 8}’2e
dp 8p

_—p) Y£(p), and

) Y/lh(l’)-
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For TE modes the residue is given by
~x:::TE = —NE?I"IE, (515)
~:l:zTE = +NxNzY/1}‘lE (516)
~z::TE = +N,Nz}~/7}-'E and, (5.17)
Y/zzTE = _sz/l{tEa (518)
where
A - Yre: + Y11 coth(y2d)
YTE = Yre; avh v A ’
AL W) £
3p 3p
o (=p\ (o .
—éL = (—g—) (Y;(p) + Yrar2dya(coth®(yd) — 1)) , and
P M
R 28 - -
8_; (,%) (Yzh(l’) + Yrgadya(coth?(1od) — 1)) :
2

With this formulation of the Green'’s function, we can expand the slot electric
field in terms of known expansion functions in the same way the strip current
was expanded for microstrip. We can make use of the same expansion and
testing functions as used in the analysis of microstrip except that the functions

used to model the transverse dependance of the current are reversed.

COS( 2!m—1!n:)

A

E.. = 5.19
(z) TTT?—U;)T (5.19)

sin( 2——-—";")

Ji- (5
The functions E.,, and E.,, include the proper edge condition for the longitudi-
nal and transverse field at the edges of the slot. The spectral domain eigenvalue

approach described in Chapter 2 is used to compute the propagation constant
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and the transverse and longitudinal electric slot field components for the fun-
damental mode on an infinitely long open slotline. For the fundamenta! mode,
the propagation constant, 3, is always greater than any the value p of any
surface-wave pole. Therefore, the fundamental mode on slotline is always slow
compared to any surface-wave mode and thus does not radiate into surface-
wave modes. Once the fields for the fundamental mode on uniform slotline
are determined, the slotline is divided into two regions, a uniform region far
from the shorted end and a perturbed region near the shorted end as in [15].
In the uniform region the slot electric field is assumed to consist of only the
fundamental mode. The slot electric field in the uniform region is represented

by the source function and a reflected wave with an unknown amplitude, T'.

E;m'jorm(m, Z) =

L
> arE(z)(exp(—jB.z) — T exp(+3B.2))

=1

L
Ey™Io™(z,2) = 3 biEa(z)(exp(—78:2) + T exp(+j:2))

=1
The constants a;...ar, b;...by and B, the propagation constant are deter-

mined using the spectral domain eigenvalue formulation. The longitudinal
dependance of the slot electric field in the perturbed region near the shorted
end is represented with piecewise linear (rooftop) subsectional basis functions
which are defined in Chapter 3. The piecewise linear functions allow a reason-
able approximation to the edge condition for the both the transverse and the
longitudinal components of the electric field at the shorted end. The transverse
dependance of the slot electric field in the perturbed region is represented with
Maxwellian basis functions with variable coefficients. The development of the
linear system is then the same as that for the open-end microstrip discontinuity

which was developed in Chapter 4.
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Figure 5.3: Magnitude of Reflection Coeflicient of Slotline Short-circuit Dis-
continuity

5.3 Numerical Results

In Figures 5.3 and 5.4, the magnitude and phase of the reflection co-
efficient versus frequency is plotted for a shorted slotline on a substrate with a
relative dielectric constant of 20.0 and thickness of 3.175 mm for various slot
widths. In Figures 5.5 and 5.6, the normalized resistance and inductance of
the equivalent circuit are plotted. It can be seen that, as with the microstrip
open circuit discontinuity, the radiation loss becomes very large near the cutoff
frequency of the second surface wave mode. In Figure 5.7, the magnitude of
the reflection coefficient for a short-circuited slotline and an open-circuited mi-
crostrip line are plotted for comparison. The substrate thickness and dielectric

constant are the same for the microstrip and the slotline. Also, the slot width is
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the same as the microstrip width. The microstrip open-circuit exhibits greater
loss because the open-circuited microstrip discontinuity excites the T' M, sur-
face wave mode more strongly than the slotline short-circuit discontinuity. This
is because the fields of the fundamental mode of microstrip match those of the

T M, surface wave more closely than those of the fundamental mode of slotline.




Chapter 6

THE MICROSTRIP GAP DISCONTINUITY

6.1 Introduction

Microstrip gap discontinuities are commonly used to achieve capac-
itive coupling in microstrip circuits and antennas. In open structures, mi-
crostrip gap discontinuities can radiate into space waves and surface waves
resulting in losses and spurious coupling. In this chapter we will analyze gap
discontinuities and gap-coupled resonators. This analysis includes the effects
of a two-component, two-dimensional current flow on the conductor and mode
conversion. Through the use of the exact spectral domain Green's function
it includes the effects of space-wave and surface-wave radiation. Like [4], this
method can be applied to asymmetric discontinuities. However, it is more
efficient due to the travelling wave source formulation, requiring only two ma-
trix fills and inversions to obtain the two-port scattering matrix. In the case
of symmetric structures, only one matrix fill and inversion is required with
this method, whereas [19] requires two. Unlike the discontinuities analyzed
in Chapters 4 and 5, the gap and gap-coupled resonator are two-port devices
and therefore, in addition to the reflection coefficient a transmission coefficient

must also be determined.

In Figure 6.1 a microstrip gap discontinuity, gap-coupled resonator,

and coupled resonator bandpass filter are shown. It was desired to deter-
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Figure 6.1: Microstrip Gap Discontinuity, Gap-coupled Resonator, and Gap-

coupled Bandpass Filter
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mine whether gap discontinuities interact significantly on open microstrip when
spaced slightly less than one-half wavelength apart as they would be in such a
filter. It is shown that the gap discontinuities do interact at high frequencies

reducing the Q and the rejection of gap-coupled resonators.

6.2 Application of the Method to Microstrip Gap Dis-
continuities

As in the analysis of microstrip open-end discontinuities, the spectral
domain eigenvalue fomulation is used to compute the propagation constant
and the longitudinal and transverse currents for the fundamental mode on an
infinitely long open microstrip. In the general case in which the microstrip
lines on either side of the gap are of different widths, this analysis must be
performed for each side. Far from the discontinuity, the current on the strip is
assumed to consist only of the fundamental mode. The current in the uniform
region on the source side of the discontinuity is represented by an incident and

a reflected wave with an unknown amplitude, T'.

L
Jemlorm(z,z) = Y aidu(z)(exp(—jB.z) — T exp(+jB.:2))
=1

L
Jurer™ (g, 2) = Y biJa(z)(exp(~jB:2) + T exp(+B:z))

=1
The current in the uniform region on the load side of the discontinuity is rep-

resented by a transmitted wave with an unknown amplitude, T.

L
Jemtorm(z,z) =Y aidu(z)(T exp(—jB:z))
{=1

L
Jpmlerm(z,z) = 3 biJa(z)(T exp(—jB:2))
=1
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Figure 6.2: Arrangement of Basis Functions for Analysis of Gap Discontinuity

The functions J,; and J,; are the Maxwellian basis functions defined
in Chapters 3 and 5. The constants ay...ar, , by...b and 3,, the propagation
constant are determined in the spectral domain analysis for uniform line. The
longitudinal dependance of the current in the perturbed region near the dis-
continuity is augmented with piecewise linear subsectional basis functions. A
typical arrangement is shown in Figure 6.2 The transverse dependance of the
current in the perturbed region is represented with Maxwellian basis functions
with variable coeflicients thus taking into account mode conversion. Note that
the basis functions are really those of two microstrip open-end discontinuities.
Therefore, by using the same testing scheme as was used in the analysis of the

open-end discontinuity we can generate a system of linear equations with the
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following form
[Kleft] [A’crasa] _
[Kcroas] [Kright] -

Where K'*/* is the coefficient matrix of the linear system developed for the

Steft] ]

Sright]

open-end discontinuity in Chapter 4, K™% is a similar matrix for the right-
hand open-end discontinuity, K"°** is a matrix developed from testing the right
hand side with the left and vice-versa, and S*/* and S™*9*¢ are vectors obtained
by testing the source functions with the testing functions for the left and right
open-end discontinuities. These equations are solved to obtain I', T, and the

current on the conductors.

6.3 Extension to Microstrip Gap-Coupled Resonators

The method may be extended to gap-coupled resonators with the

inclusion of more subsectional basis functions as shown in Figure 6.3

6.4 Results

In Figure 6.6 and 6.7, the magnitudes of the transmission coefficients
of two gap-coupled half-wave resonators are shown calculated in the following
two ways. First the scattering matrix for an isolated gap is calculated using
the spectral domain method. Then the scattering matrix of the resonator is
calculated using the scattering matrix of the isolated gap along with those of
a section of uniform microstrip line.

[ (T (T3 ] _ [ [TH7) [T5° ] [ el 0 ] [ (T} (T2 ”] ]

ol ] L TRPNTRT 0 et [ (TETITET

Second, the spectral domain method is used to model the entire res-
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Figure 6.3: Arrangement of Basis Functions for Analysis of Gap-Coupled Res-
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Figure 6.4: Magnitude of Transmission Coefficient of Gap Discontinuity
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Figure 6.7: Magnitude of transmission coeflicient of gap-coupled resonator

onator including coupling between the gaps as shown in Figure 6.1. It can be
seen that the coupling between the two gaps has little effect when the resonance
frequency of the resonator is low. However, for shorter resonators the coupling
between the gaps shifts the resonance frequency, lowers the Q, and lowers the

rejection above resonance.

We conclude that the spectral domain method can be effectively ap-
plied to the modeling of gap-coupled resonators. Furthermore, such analysis is
justified as coupling between the two gaps of a gap-coupled resonator can have

a significant effect on the resonant frequency, Q and rejection of the resonator.




Chapter 7

CONCLUSIONS

7.1 Summary

A method for the analysis of planar circuits on open substrates has
been presented. Through the use of the exact spectral domain Green’s function,
the method includes the effects of space wave and surface wave radiation. The
method has been shown to be applicable to 1-port and 2-port structures. In
particular, the method has been applied to microstrip open-end discontinuities
and slot-line short circuit discontinuities. The method has been applied to gap

discontinuities and gap-coupled resonators.

7.2 Suggestions for Further Applications
7.2.1 Extension to N-port Networks

The deterministic spectral domain method presented here is very gen-
eral and should be useful for analyzing multiport planar networks on open
substrates. As was pointed out in Chapter 6, the travelling wave formulation
is more efficient for analyzing two-port networks than other methods such as
(19]. Furthermore, these other methods are difficult to extend to N-port net-
works. To extend this method to an N-port network we simply excite one port
with a known incident wave and then formulate N unknown outward travelling

waves as shown in Figure 7.1 for a 4-port. Therefore, in order to determine the
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Figure 7.1: Application to N-port Network

entire N x N scattering matrix of a general N port, N calculations must be
performed. Of course, symmetry in the network would reduce the number of

necessary calculations.

7.2.2 Extension to Multilayer Structures

By making use of the immitance approach for the Green’s function
derivation, this method is easily extended to multilayer substrate/superstrate
structures. It would be useful to study how surface-wave and space-wave ex-
citation can be controlled through the use of multi-layered substrates and/or
superstrates. It should also be noted that this method may be easily adapted
through a simple modification of the Green’s function to structures which are

covered but laterally open.
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7.3 Suggestions for Improvement
7.3.1 Asymptotic Evaluation of the Inner Products

The most time consuming part of the method is the evaluation of the
asymptotic portion of the inner products. It is straightforward to determine
an asymptotic form of the Green’s function for large p because the Green’s
function is separable in p and 8. However, since the basis functions used here
are separable in o and 3, an asymptotic form for large p is not immediately
evident. An asymptotic form for large p would be most useful because the
space domain calculation of the asymptotic portions of the matrix components
is not compatible with the scheme given in Chapter 3 for precomputing and
storing the Green’s function. Also the space domain integration requires high
numerical precision due the subtraction of the source and image contributions.
This problem is greater for electrically thin substrates. Using more rapidly
converging basis functions does not appear to be a better approach, because
the basis functions must be chosen to model the physical current (or field)
which will necessarily exhibit edge conditions. These edge conditions in the
space domain translate into high spatial frequency components in the spectral

domain.

In view of the above difficulties with evaluating the asymptotic por-
tion of the integrands, it seems promising to solve the mixed potential integral
equation (MPIE) in the spectral domain instead of the electric field integral
equation. This is because the Green’s functions used in the MPIE converge
faster than those for EFIE. This is easy to see by examining the case of a

homogeneous medium. The electric field Green’s function has a # singularity
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at the source point. It is this source singularity that gives the spectral do-
main electric field Green’s function its asymptotic tail. On the other hand the
Green’s functions used in the MPIE have % type singularities at the source
point. Therefore, they have more rapidly converging spectral domain coun-
terparts. Although the MPIE requires the determination of both cha:ge and
current, the added computation may be offset by the savings gained by faster
convergance. One disadvantage to this method is that, as far we have found, no
straightforward method such as the immittance approach exists for determining

the necessary Green’s functions.

7.3.2 Generalization of Basis Functions

Although in all of the work presented here, entire domain basis func-
tions were used to represent the transverse dependence of the current or field
quantities, it would be useful to also make use of subsectional basis functions
for both the transverse and longitudinal dependance. For uniform line, en-
tire domain functions such as the Maxwellian functions are most efficient for
modelling the transverse dependance, just as entire domain functions are most
efficient to describe the longitudinal dependence of travelling wave functions.
However, it appears that in the regions near discontinuties, subsectional ba-
sis functions are more efficient for the representation of the current or field.
For example, in order to analyze a step-width discontinuity, it would be most
efficient to use subsectional basis functions to represent the transverse depen-
dance of the current near the discontinuity. Also, it would be useful to develop
more general subsectional basis functions for the modelling of complicated dis-

continuities such as tapers and smooth bends. The use of rectangular basis
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functions to approximate a smooth curve may lead to error due to the large
current density along the edge. A triangular based function would allow a more

continuous approximation of smooth curves.

7.3.3 Computational Algorithm

By far the largest speedups have been obtained through modifications
to the computational algorithm. It appears that great improvements could still
be made in this area. The bulk of the computational effort occurs in evaluating
the Green’s function. As was pointed out in Chapter 3, a large savings was real-
ized by precomputing and storing the Green’s function so that the entire matrix
could be integrated at once. This savings may be increased by precomputing
the Green’s function for all 3, storing the values in a database, and then using
an interpolation scheme to determine intermediate points. It appears that com-
putational methods such as the one presented here are quite amenable to vector
processing because of the large amount of non-interelated computation. There-
fore, despite the fact that the method requires large amounts of computation,

it could be utilized with small vector processors for engineering purposes.




Appendix A

DERIVATION OF THE GREEN’S FUNCTION FOR
THE GROUNDED SLAB

In this appendix we give some of the details of the immitance deriva-
tion of the spectral domain Green'’s function. The immittance formalism is due
to [13] and is included here for completeness. We begin by noting that from

the Fourier transform relationship

+00 +00
1 -

B(z,y,2) = 5= [ [ E(a,y.8) exp(=j(az + 2))dads (A1)

-0 =00
the space domain field and current quantities are superpositions of the inho-

mogeneous spectral waves propagating in the direction 8 from the z-axis where

0 = tan™! (7-L) If we define the coordinate transformation

a?+8?
u = zsin(f) — z cos(§) (A.2)
v = 2zcos(d)+ zsin(f) (A.3)

we can decompose the spectral fields into TM-to-y (E,, E,, and H,) and TE-
to-y (H,, H,, and E,). The TM-to-y fields are created by J, and the T E-to-y
fields are created by J,. We define transmission line characteristic admittances
Yran and f’TMg as the wave admittances seen by a transverse-magnetic-to-y

wave travelling in media 1 and 2 of Figure 2.1

. -HY +H;
Yrm = = —

- A4
E} E; (A4)
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-HY  +H;
Er — E:

?TMQ = (A.5)

where the superscript “+” implies waves travelling in the positive y direction
and “-” implies waves travelling in the negative y direction. Likewise, we
define transmission line characteristic admittances f/TMl and Y’TMg as the wave

admittances seen by a transverse-magnetic-to-y wave travelling in media 1 and

2 of Figure 2.1

. +HY —H:
Yrer = EI = E'; (A.6)
- +HY -H;
YTE2 = E‘T = E~; (A?)

The y-propagation constants may be obtained from the dispersion relations for

each region and are given by

n = yat+p%- k3, (A.8)

v» = yJa? + % — enkl. (A.9)

The wave impedances may be obtained from Maxwell’s equations and are given
by

Jweg

ffTMl = , (A.10)
n

Vi = 20R (A.11)
Y2

Yren = ——.71, (A.12)
Jwp

Yre, = iy (A.13)
Jwp

We may now draw the equivalent circuits in for the TE and TM modes as

in Figure A.1. We define the driving point impedances ¥ and Yy as the
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Figure A.1: Equivalent Networks for TE and T M Modes

admittances looking upward and downward at y = d respectively.

~

Yy = —E :“ (A.14)

Y +I~1u2

Yy = = A.15)

2 B (

2 ’}f’"‘ | (A.16)
ul

. -A,

Y = E: (A.17)

At the interface, y = d, the magnetic field is discontinuous because of the

electric current at the interface.

13
3

Hul - i{u2

~ -~

f{tﬂ" vl = Ju (Alg)

\ (A.18)




At the interface, y = d, the electric field is continuous.

~

Eul = E~'v2=Ev
E~ul = Eu2=E~u
Therefore we can write
B, = —=2
Yr+Yy
- iz
B, = —=Ju
P+ Y
= —~J, 2"
where
Y, = Yrn

f’; = ?TMQCOth(’de)
Yflh = Yre:

Y} Y7E2 coth(q2d).

The transformation back into the z, 2 coordinates is

E.=—(N2Z°+ N2Z") J.

— (N2Z° + N22*) J,
where
N, = —e
\/cvz’+35
N, = 8
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(A.21)

(A.22)

(A.23)

(A.24)
(A.25)
(A.26)
(A.27)

(A.28)

(A.29)

(A.30)

(A.31)
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Therefore, spectral domain Green’s function is given by
Z,. =—(N2Z° + N*Z") (A.32)
Zu = —N,N,(Z° - ZM) (A.33)
Zyr = —N,N(2° - Z") (A.34)
Zpe = —(N2Z* + N22°) (A.35)




DERIVATION OF

Appendix B

THE GREEN’S FUNCTION FOR

THE UNGROUNDED SLAB

The derivation of

the Green’s function appropriate for the analysis of

slotline is a simple modification of that for the Green's function in Appendix

1. Since the medium below the slab is the same as that above, we draw the

equivalent circuits in for the TE and T M modes as in Figure B.1.

Therefore, the driving point impedances at y = d are

Yran (B.1)
Yrer . (B.2)
N Y- +Y coth(~.d
erz( Thz + Vran cothiy, )> (B.3)
Yrai + Yrmaz coth(yzd)
. Y-
Vres ( TEz+}T5160th(‘72d)> (B.A4)
YrE1 + YrEs coth(d)
1
. (B.5)
),le+)/2e
1
_ B.6
TE e vp (B.6)

As pointed out in chapter 4, the inverted Green’s function is then given by

]

.:<l

_ 21 21 -
rr = IZ. - zZ~h (Bl)
1 1
22 = —NN(z— = B.8
<Ze =) (B.3)
1
z = —NINZ-.——.— B.9
(- 37 (B.9)
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1 1
Y. = -Nlz-Niz (B.10)

As with the Green’s functions Z,, ... Z., for the grounded dielectric

slab, Y,,...Y,, have a branch point at p = ko. Unlike A Zn, Yer...Y.,

are not well behaved at the branch point. This can be seen by defining

~ 1

= L+ ¥; (B.11)

= P+ (B.12)

Now the Green’s function is rewritten as

Vee = —N2Ye— N2VP (B.13)
Vee = —N.N,(Y°-Y* (B.14)
Yie = —NN,(Y°-Y" (B.15)
Y.. = —N?Y° - NYh (B.16)

It can be seen that, because Yran is singular at p = ko, Yeis singular at p = kq.
It should be stressed, however, that this point constitutes a branch point and

does not contribute to the integral.

As with the Green’s functions 2" - Z,, for the grounded dielectric

slab, Y,z...V., do not have a branch point at p = ko.
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